Abstract. We study algebraic invariants of the symmetric algebra Sy m R .L/ of the square-free monomial ideal L D I n 1 C J n 1 in the polynomial ring R D KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y n , where I n 1 (resp. J n 1 ) is generated by all square-free monomials of degree n 1 in the variables X 1 ; : : : ; X n (resp. Y 1 ; : : : ; Y n ). In particular, the dimension and the depth of Sy m R .L/ are investigated by techniques of Gröbner bases and theory of s-sequences.
INTRODUCTION
Let R be a commutative noetherian ring and M be a finitely generated R-module M D Rf 1 C C Rf q . If .a ij /, i D 1; : : : ; q, j D 1; : : : ; p, is the matrix associated to a free presentation of M , then Sy m R .M / D ROET 1 ; : : : ; T q =J , where J is generated by the linear forms g j D P q i D1 a ij T i for j D 1; : : : ; p. In [3] , in order to study the symmetric algebra Sy m R .M /, it is introduced the concept of s-sequence for the generators f 1 ; : : : ; f q of M . We say that f 1 ; : : : ; f q is an s-sequence for M if there exists a monomial order for the monomials in the variables T i with T 1 T 2 T q such that i n .J / D .I 1 T 1 ; : : : ; I q T q /, with I i D .f 1 ; : : : ; f i 1 / W R f i ideals of R.
The ideals I i are called the annihilator ideals of the sequence f 1 ; : : : ; f q . If M is generated by an s-sequence, the standard algebraic invariants of M can be expressed only by the ideals I i and in more cases the dimension can be computed in terms of the annihilators ideal of the sequence. The crucial point is that we can easily calculate the invariants, starting by the structure of the initial ideal i n .J / of J , stated that it is T -linear, being T D fT 1 ; : : : ; T q g the variables that correspond in the presentation of symmetric algebra of M to the generators of M . A natural question arises: if i n .J / is not linearly generated in the variables T 1 ; : : : ; T q and we write i n .J / D J L C J , where J is the not linear part of i n .J /, what is the maximum degree (with respect the variables T 1 ; : : : ; T q ) of the monomial generators of J ? We are interested to check when J is generated by monomials of minimum degree (quadratic). Moreover, we are interested to describe explicitly a Gröbner basis of J , given the importance of the initial ideal in more open problems about the invariants of Sy m R .M / ( [2] , [4] , [5] , [8] ). Now, let R D KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y m be the polynomial ring on a field K in two sets of variables and L be a mixed products ideal, as defined in [7] . In [6] the authors selected the mixed products ideals that are generated by an s-sequence in order to compute the value or a bound for standard invariants of the symmetric algebra Sy m R .L/. The problem is open for ideals L that are not generated by an s-sequence. In this paper we examine a first class of mixed products ideals not generated by an s-sequence. More precisely, we consider the ideal L D I n 1 C J n 1 of KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y n , with I n 1 (resp. J n 1 ) the monomial ideal of R generated by all square-free monomials of degree n 1 in the variables X 1 ; : : : ; X n (resp. Y 1 ; : : : ; Y n ).
The aim is to compute a Gröbner basis of the relations ideal J of the symmetric algebra Sy m R .L/ and to study some invariants of Sy m R .L/. More precisely, in section 1 we give the structure of a Gröbner basis of J with respect to the lexicographic order . It should be noted that we are able to compute the generators of i n .J / not linear in the variables T 1 : : : ; T 2n and to establish the degree. For n D m D 3, we obtain the only case in which the not linear part of i n .J / is of degree two in the variables T i . In section 2, we compute the dimension and the depth of Sy m R .L/. For the computation of the dimension, we inspire to the techniques used in the theory of the s-sequences. More precisely, we consider the linear part J L of i n .J / and we apply the results given in [3] for computing dimension in terms of the annihilator ideals of the monomial sequence generating L. Then we obtain that Sy m R .L/ is a Cohen-Macaulay algebra.
GRÖBNER BASES OF RELATION IDEALS
In [3] the notion of s-sequence is introduced for finitely generated modules in a noetherian ring R.
For every i D 1; : : : ; q, we set So we define the monomial ideal in .J / D .fin .f /jf 2 J g/. In general we have .I 1 T 1 ; I 2 T 2 ; : : : ; I q T q / Â in .J / and the two ideals coincide in degree 1.
The sequence f 1 ; : : : ; f q is an s-sequence for M if
If R is a polynomial ring over a field and f 1 ; : : : ; f q are monomials of R, then we have a criterion to be s-sequences. Set f ij D f i OEf i ;f j for i ¤ j , where OEf i ; f j is the greatest common divisor of the monomials f i and f j . J is generated by 
where I k (resp. J r ) is the monomial ideal of R generated by all the square-free monomials of degree k (resp. r) in the variables X 1 ; : : : ; X n (resp. Y 1 ; : : : ; Y m ).
In [6] the authors investigate in which cases these monomial ideals are generated by an s-sequence. The system of generators of L is an s-sequence only in the following cases:
We study this class of square-free monomial ideals for k D n 1 and n D m, then R D KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y n and L D I n 1 C J n 1 .
Since the property to be an s-sequence may depend on the order of the sequence, in the sequel we will suppose L D .f 1 ; f 2 ; : : : ; f 2n / where f 1 f 2 f 2n with respect to the monomial order lex on X 1 ; : : : ; X n ; Y 1 ; : : : ; Y n and
The monomial sequence f 1 ; : : : ; f 2n is an s-sequence if and only if g ij for 1 Ä i < j Ä 2n is a Gröbner basis for J in KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y n I T 1 ; : : : ; T 2n , with
Theorem 1 ([6]
). Let R D KOEX 1 ; : : : ; X n be the polynomial ring over a field K and I k with 2 Ä k Ä n. The ideal I k is generated by an s-sequence if and only if k D n 1. : ; Y n be the polynomial ring over a field K and L D I n 1 C J n 1 . L is not generated by an s-sequence for any n ¤ 2.
: : : ; X n ; Y 1 ; : : : ; Y n / is generated by an ssequence for any admissible term order, since L is generated by a regular sequence ( [3] ).
For n > 2, let L D I n 1 CJ n 1 D .f 1 ; f 2 ; : : : ; f n /C.f nC1 ; f nC2 ; : : : ; f 2n /, where f 1 f 2 f n and f nC1 f nC2 f 2n with respect to the monomial order
! 0 for all i; j; h; l 2 f1; : : : ; 2ng and g ij ¤ g hl . We consider a lexicographic Gröbner basis for J with respect to the order on the variables T 1 T 2 T 2n . The generators of L are the following:
. By the structure of the generators of L there is no g st 2 G whose initial term with respect to the admissible order on the variables T 1 T 2 T 2n divides the terms of S.g 1n ; g 2;nC1 /. It follows that it is not possible to get a standard expression of S.g 1n ; g 2;nC1 / with respect G with remainder 0. Hence G is not a Gröbner basis for J . It follows that L can not be generated by an s-sequence ( [3] , Lemma 1.2). In fact, from the theory of Gröbner bases, suppose that f 1 ; : : : ; f 2n is a monomial s-sequence with respect to some admissible term order , then f 1 ; : : : ; f 2n is an s-sequence for any other admissible term order, and as a consequence it is an s-sequence for the lexicographic order, that is a contradiction.
The main result of this section gives the structure of the Gröbner basis of the relation ideal J of the symmetric algebra Sy m R .L/.
Theorem 3. Let R D KOEX 1 ; : : : ; X n I Y 1 ; : : : ; Y n be the polynomial ring over a field K and L D I n 1 C J n 1 . A Gröbner basis for J is the set
for i ¤ j and OEf i ; f j is the greatest common divisor of the monomials f i and f j . By the Theorem 2 L is not generated by an s-sequence, then G BG.J / and there are S-polynomials S.g ij ; g kl / that have not a standard expression with respect G with remainder 0. Let g ij ; g kl 2 G, it is known that S.
Knowing the structure of the monomials f 1 ; : : : ; f 2n , we are able to compute the S -polynomials of G that do not reduce to 0 modulo G and using Buchberger algorithm we construct the elements of BG.J / n G. Then for j D n C 1; : : : ; 2n we compute S.g 1k 1 ; g ij / with i < k 1 and k 1 D 3; : : : ; n:
::::::::::::::::::::::::::::::::::::::::::
where ı 1 ; ı 2 ; : : : ; ı . n 1 n 3 / are the generators of the Veronese ideal of degree n 3 in the variables X 1 ; X 2 ; : : : ; X n 1 . Being
follows that there is no g st 2 G whose initial term divides the terms of these S-polynomials. Then S.g 1k 1 ; g ij / 2 BG.J / for j D n C 1; : : : ; 2n, i < k 1 and k 1 D 3; : : : ; n. Set H 1k 1 D fS.g 1k 1 ; g ij / j j D n C 1; : : : ; 2n, i < k 1 g for k 1 D 3; : : : ; n. Now we continue to compute the S-polynomials S.g 1k 2 ; S.g 1k 1 ; g ij // with i < k 1 < k 2 and k 2 D 4; : : : ; n, j D n C 1; : : : ; 2n:
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
and so on up to k 2 D n:
S.g 1n ; S.g 1;n 1 ; g n 2;nC2 // D f nC2 T n 2 T n 1 T n 2 X 3 n T n 1 n 4 / are the generators of the Veronese ideal of degree n 4 in the variables X 1 ; X 2 ; : : : ; X n 1 . The terms of these S -polynomials are not divided by the initial term of any g st 2 G, then S.g 1k 2 ; S.g 1k 1 ; g ij // 2 BG.J / for i < k 1 < k 2 and k 2 D 4; : : : ; n, j D n C 1; : : : ; 2n. Set H 2k 2 D fS.g 1k 2 ; h k 1 /jh k 1 2 H 1k 1 g: Continuing the computation of the S-polynomials one obtains: H n 3k n 3 D fS.g 1k n 3 ; h k n 4 /jh k n 4 2 H n 4k n 4 g for k n 4 < k n 3 , k n 3 D n 1; n H n 2k n 2 D fS.g 1k n 2 ; h k n 3 /jh k n 3 2 H n 3k n 3 g for k n 3 < k n 2 , k n 2 D n.
g ij /ji < i < k 1 ; j D n C 1; : : : ; 2ng and H t D S n k t Dt C2 H t k t where H t k t D fS.g 1k t ; h/jh 2 H t 1k t 1 ; k t 1 < k t g. Then elements of S do not reduce to 0 modulo G. Moreover by construction no term of an element h of S is divisible by the initial term of an element of S n fhg. Set B D G [ S, it follows that BG.J / Ã B.
In order to show that BG.J / D B we must prove that for all g; h 2 B the Spolynomial S.g; h/ reduces to 0 modulo B.
Let's start to prove that all the S -polynomials S.g ij ; g hl /, with i; j; h; l 2 f1; : : : ; 2ng, has a standard expression with respect to B with remainder 0. We have:
Let's find a standard expression of S.g ij ; g hl /, for all i; j; h; l 2 f1; : : : ; n 1g.
If OEi n .g ij /; i n .g hl / ¤ 1, we apply . / to obtain a standard expression for the S -polynomials S.g ij ; g hl /. It results:
Hence all the S -polynomials S.g ij ; g hl / reduce to 0 with respect to B. It remains to prove that the elements of B n G reduce to 0 with respect to B. If the elements of B have initial terms coprime, then they reduce to 0 with respect to B. Otherwise we observe that by the structure of the elements of S it follows that the initial terms of the elements of S are i k X t n T s 1 T j with i k a generator of the Veronese ideal of degree k in the variables X 1 ; X 2 ; : : : ; X n 1 for n C 1 Ä j Ä 2n; 0 Ä k Ä n 3; 0 Ä t Ä n 1; 0 Ä s Ä n 3; k C t D n 1; s D t 1.
Let f; g 2 B, let d be the greater common divisor of in .f / and in .g/, c be the greater common divisor of the no initial terms of f and g. In order to prove that S.f; g/ reduces to 0 with respect to B for all f; g 2 B, we start to consider the elements of B of the form g ij 2 G and g 1m;st D S.g 1m ; g st / 2 H 1k 1 . We have the following cases:
-if T j is a variable of d , then S.g ij ; g 1m;st / reduces to 0 by the elements of B g i s and g 1m for i < s;
-if T j is a variable of d and T i is a variable of c, then S.g ij ; g 1j;si / reduces to 0 by the element g 1s 2 B;
-if no variable T 1 ; : : : ; T 2n is in d and c, then S.g ij ; g 1m;st / reduces to 0 by the elements of B g 1i and g 11m;stj D S.g 1j ; S.g 1t ; g sm // 2 H 2k 2 for s < t < j .
For the elements of the form g 1j;lk D S.g 1j ; g lk / 2 G and g 1m;st D S.g 1m ; g st / 2 H 1k 1 , we have the following cases:
-if T 1 ; T j are variables of d and T l is a variable of c, then S.g 1j;lk ; g 1j;t l / reduces to 0 by g k t 2 B for k < t ; -if T 1 is a variable of d and T l ; T k are variables of c, then S.g 1j;lk ; g 1j;lk / reduces to 0 by g jt 2 B for j < t ; -if T k is a variable of c then S.g 1j;lk ; g 1t;mk / reduces to 0 by g jt ; g lm 2 B for j < t , l < m.
The same argument is applied for the S-polynomials of the elements of all H j k j for j > 1. The assertion follows. 1) The presentation ideals of Sy m.I n 1 / and Sy m.J n 1 / have a linear Gröbner basis respectively in the variables U 1 ; : : : ; U n and V 1 ; : : : ; V n , which correspond to the generators of I n 1 and J n 1 respectively.
2) The presentation ideal of Sy m.I n 1 C J n 1 / has a Gröbner basis not linear in the variables T 1 ; : : : ; T 2n , which correspond to the generators of L D I n 1 C J n 1 .
Proof. 1) Since I n 1 and J n 1 are generated by an s-sequence, there exist a monomial order 1 in the variables U 1 ; : : : ; U n with U 1 1 1 U n and a monomial order 2 in the variables V 1 ; : : : ; V n with V 1 2 2 V n such that the presentation ideals of Sy m.I n 1 / and Sy m.J n 1 / have a linear Gröbner basis respectively in the variables U 1 ; : : : ; U n and V 1 ; : : : ; V n .
2) It follows by Corollary 1.
STUDYING STANDARD INVARIANTS
In this section, we shall compute the dimension and the depth of the symmetric algebra Sy m R .L/, with L the mixed product ideal L D I n 1 C J n 1 .
In order to apply the theory of s-sequences, at the beginning we prove the main result concerning the annihilator ideals of the monomial sequence that generates L. where n C 1 Ä j Ä 2n, 0 Ä k Ä n 3, 0 Ä t Ä n 1, 0 Ä s Ä n 2 such that k C t D n 1, s D t 1, and I 0 k is the square-free Veronese ideal generated by all the monomials of degree k in the variables X 1 ; : : : ; X n 1 .
Proof. It is known that the initial ideal of J is given by in .J / D .fin .f /jf 2 BG.J /g/. One has BG.J / D fg ij D f ij T j f j i T i ; 1 Ä i < j Ä 2ng [ S as in Theorem 3. By the structure of the monomials f 1 ; : : : ; f 2n that generate L we deduce the linear forms g ij D f ij T j f j i T i ; 1 Ä i < j Ä 2n and then we compute in .g ij / D f ij T j for 1 Ä i < j Ä 2n:
fX n 1 T 2 ; : : : ; X 2 T n 1 ; X 1 T n ; Y n 1 T nC2 ; : : : ; Y 1 T 2n ; I n 1 T j ; j D n C 1; : : : ; 2ng. It remains to compute the initial terms of the element of S. By the structure of the S-polynomials of S (see Theorem 3) we obtain that the initial term of these S -polynomials are the elements of the set fI
is the ideal generated by the square-free monomials of degree k in the variables X 1 ; : : : ; X n 1 and j D n C 1; : : : ; 2n, k C t D n 1, s D t 1, k D 0; : : : ; n 3, t D 2; : : : ; n 1, s D 1; : : : ; n 2. Then the initial ideal of J is:
in .J / D .X n 1 T 2 ; : : : ; X 1 T n ; I n 1 T nC1 ; .I n 1 ; Y n 1 /T nC2 ; : : : ; .I n 1 ;
Using Proposition 1 we can write in .J / D .I 2 T 2 ; : : : ;
Now, we recall some general results about an ideal I D .H 1 T 1 ; : : : ; H t T t / ROET 1 ; : : : ; T t , where R is a noetherian ring and H 1 ; : : : ; H t are ideals of R. We say that I is linear in the variables T 1 ; : : : ; T t , or T -linear. For T -linear ideals we have: 
